In this work, three techniques for the mathematical modelling of a piezoelectric actuated thin panel, namely the ®nite element method, a Lagrange R ayleigh±R itz method, and a mechanical impedance-based method, are brie¯y presented. An accurate experimental implementation of a piezoelectric actuated simply-supported panel, whose dynamics have been simulated using the mathematical models, is described in detail. Since the differences between the results produced by the various mathematical models are very small, the accuracy of the experimental set-up is crucial. The results obtained via the numerical simulations are then compared with test results in order to assess the accuracy of the various modelling techniques.
INTRODUCTION
Over the last two decades, many authors have investigated the active control of panel vibrations [1±3] . In order to design active control schemes it is desirable to have simple mathematical models of the plant, i.e. the panel with its sensors and actuators. Although simple, these models have to be accurate enough to represent the essential dynamics of the structure. It is also important to assess the precision with which these models reproduce/simulate the behaviour of the real systems. This speci®c topic is addressed in this paper, where various mathematica l models are compared with each other and with experimental results.
The most suitable type of sensors and actuators for the active control of panel vibrations are piezoelectric patches bonded on the faces of the panel [4, 5] . The main advantage in the use of piezoelectric patches is the minimum impact on the structure; they are non obtrusive and they do not require a large amount of power or backing structures. Several techniques can be employed to produce mathematical models of this type of actively controlled structure [6, 7] . Currently the ®nite element (F E) method is used widely in all areas of structural design and analysis, including the production of models for active control studies. The main advantage of the F E method, compared to other techniques, is the ease with which different types of complex structures can be modelled. H owever, the drawback of the method is the relatively large size of the mathematical model produced.
F or the particular case of panels, several authors have used mechanical impedance-based models [8] as an alternative to the F E method. The interaction between the actuator and the structure is determined by applying equilibrium and compatibility relations at the edges of the patches, so that the actuator's presence is imposed on the underlying structure by a set of line moments/ forces. Such models can be very ef®cient, although the approximations involved (e.g. to neglect the out-ofplane inertia of the piezoelectric element) can reduce the accuracy of the predicted response.
Energy-based methods have also been used to model the dynamics of actively controlled structures. H agood et al. [6] present a dynamic model of a beam, with piezoelectric patches, which is derived through the application of H amilto n's principle. Also relevant is the work of Tzou [9] who uses H amilton's principle and the K irchhoff±Love thin shell assumptions to derive the equations describing the dynamics of a shell with distrib uted piezoelectric sensors and actuators. In addition, Banks et al. [10] have used a variational approach to study in detail the interaction between a structural component and an attached piezoelectric patch. The basic principles outlined in references [6] , [9] and [10] are incorporated within an energy method developed by Aglietti et al. [11] . The equations governing the dynamics of the system, which includes the panel and the piezoelectric patches working as actuators or sensors, are derived using Lagrange's equations of motion with the vibration mode shapes of the bare panel as the R itz functions. This approach was validated by comparin g results with a detailed F E model. H owever, the valid ation of a mathematical model by comparison with another mathematical model does not always guarantee that the models are able to reproduce the real behaviour of the plant.
Several authors have compared response predictions for actively controlled panels with experimental results [12, 13] , although it is rare to ®nd a detailed description of the experimental arrangement. Since the differences between the results produced by the various mathematical models can be relatively small, the accuracy of the experimental set up is crucial [14] . In this paper the design of an experimental rig to accurately represent a simply-supported actively controlled panel is presented. Various mathematical techniques for modelling the piezoelectric actuated thin panel are brie¯y described and the results obtained are compared with the experimental data. This enables the sources of discrepancies between the various models to be identi®ed.
MODELS OF THE PIEZOELECTRIC ACTUATED PANEL
Panels are very common structural elements on board spacecraft, aircraft and other vehicles. F or this reason the choice of a panel as the structural element to be modelled and investigated is both analytically convenient and representative of practical applications. It is assumed that the panel is homogeneous and thin enough to be considered in a state of plane stress, which is justi®ed for typical aerospace applications. A schematic diagram of the arrangement considered in this work is shown in F ig. 1. Two patches of piezoelectric material are bonded onto opposite faces of the panel. The outer electrodes of the patches are electrically connected together and the plate, which is grounded, is used as the other electrode for both patches of the pair. The poling direction of the patches is Fig. 1 Piezoelectric actuated panel directed as shown in F ig. 2. In this con®guration, when an external voltage is applied to the patches, one patch will expand and the other contract, thus producing a curvature in the panel. Similarly if the patches are used as sensors, a curvature of the panel (produced by vibration) will induce an electric ®eld in the patches (proportional to the curvature), which can be measured at the electrodes.
LRR modelling technique
A mathematical model of the system can be developed using the Lagrange R ayleigh±R itz (LR R ) procedure described by Aglietti et al. [11] . This method is based on Lagrange's equations of motion which in the general case take the form
H ere T and U are, respectively, the sum of the kinetic and potential energies of the elements composing system (i.e. the panel and piezoelectric patches), and q i and Q i are, respectively, the ith generalized co-ordinate and generalized force. The out-of-plane displacement of the panel is written in the form
where S m,n (x , y) represent the mode shapes of the bare panel and f m, n are the modal amplitudes which form the generalized coordinates for this problem. The kinetic energy of panel, say T pl and piezoelectric patches, say T pz can be calculated using standard expressions [15] , and their ®nal form in terms of the corresponding inertia matrices are
Here is a vector containing the generalized coordinates and full details of the inertia matrices have been given by Aglietti et al. [11] . Simila rly, the potential energy due to the elastic deformation of panel and piezoelectric patches can be written as U plˆ1 2 t K pl , U pz ela stˆ1 2 t K pz elast …4a, b † F urthermore, due to the piezoelectric effect and the dielectric characteristic of the piezoelectric material, the patch also stores energies that can be called U pz elastelect and U pz elect , respectively. These energies can be expressed as
where v 1 is the voltage in the ith patch. Again, full details of the various terms that appear in equations (4) and (5) have been given by Aglietti et al. [11] . It is a straightforward task to apply the Lagrange's equation to yield
When all patches act as actuators, their voltages v i are externally driven (known) and so the displacement at any location on the panel can be calculated solving equation (6) and substituting the modal displacements in equation (2) . If the patches are used as sensors, the voltages at the patches can be considered as degrees of freedom, and therefore the differentiation of the energies with respect to these voltages (according to the Lagrange's equatio ns of motion) produces a further equation
…7 † which can be used to calculate the voltages as a function of the modal coordinates. This expression can then be substituted into equation (6) to produce a complete set of equations in the unknown f. Once the modal displacements have been calculated equation (7) can be used to calculate the voltages at the sensors.
Mechanical impedance modelling technique
As an alternative approximate modelling approach, the effect of using a piezoelectric patch as an actuator can be reproduced by using line moments which are applied along the edges of the patch. The main points of this modelling technique are brie¯y reported in what follows, and full details are given by Zhou et al. [7] . The equations of motion of the piezoelectric patch, along the x and y axes, are taken as
where u and v are the dynamic displacements along the x where k pz is the wave number. N ow the constitu tive relationships of the piezoelectric material have the form qu qxˆs
where E is the electric ®eld applied, and d is the piezoelectric constant. The stresses in equations (10a,b) can be written in terms of forces at the edge of the patch, which are
Here Z xx Z yy and Z xy are the mechanical impedance of the host structure at the edges of the patch. Equations (9)±(11) enable A and B to be expressed in terms of the applied electrical potential E, and thus the forces F x and F y can also be expressed in terms of this potential. N ow the moments at the edge of the patch can be written in the form
as illustra ted in F ig. 3, and the equation of motion of the panel can be expressed as:
where o m, n is the resonance frequency of the m, n mode, w m, n its out-of-plane displacement and M x and M y can be obtained from (12) and (11) . Equation (13) allows the response of the panel to be computed for an applied input E. The mechanical impedance (M I) model has been implemented using M ATLAB, and the results are compared with those obtained with the LR R technique, the F E method and the experimental results obtained from the test rig described in the next section.
Experimental rig
A test rig of the simply-supported panel described in section 2 was built in order to verify the results produced by the mathematical models. One of the main problem areas was the realization of the simple supports along the edge of the panel. This problem, addressed by Aglietti and Cunningham [14] , was solved by suspending the panel horizontally using shims, as shown in F ig. 4. This set-up produces a negligible rotational stiffn ess along the edge of the panel, due to the high bendinḡ exibility of the shim. At the same time the high in-plane stiffn ess of the shim, which is clamped along its upper and lower edges, restrains the out-of-plane (vertical) movements of the edge of the panel. F igure 5 shows the implementation of this type of simple support. The panel details are given in Table 1 . The distance between the upper and lower clamped edges of the shim is 40 mm, the thickness of the shims is 0.052 mm, and the panel is bonded along the middle of the shim. The corner pieces (L-section segments of steel beam) onto which the shims are constrained are then bolted to a rigid frame. Another advantage of this type of support is that the out-of-plane¯exibility of the shims allows expansion or contraction of the panel (due to temperature changes) without inducing large in-plane prestresses in the panel. The corner pieces (L-sections) which support the shims were bolted onto a 13 mm thick steel plate, with a rectangular cut-out machined in the centre of the plate to the dimensions of the aluminium alloy panel. This cut out is necessary in order to avoid the strong¯uid-structure interaction that otherwise would be produced in the gap (cavity) between the aluminium panel and the steel plate. The four L-section steel beams were machined with a channel to produce a gap behind the shims, as shown in F igs 4 and 5. F our steel U -section beams were welded to the bottom of the plate to produce a box-like structure and thus increase the support stiffn ess.
The aluminium panel was bonded to the shims using epoxy adhesive. The panel was supported while the two long side shims were bonded ®rst. Packing pieces were located behind the shims to prevent movement of the shims during the bonding process. Once the epoxy had cured, the short side shims were bonded to form the complete arrangement. The piezoelectric patches were bonded to the panel using epoxy. The complete test rig, which is shown in F ig. 6, was suspended in a frame using four tension springs to provide freely-supported boundary conditions to the supporting structure.
FE Model

Panel with piezoelectric patches
A F E model of the assembly was constructed using the commercial software package AN SYS (Swanson Analysis Systems Inc.). The model, which is shown in F ig. 7, was composed of 8-node layered shell elements (Shell91), with the areas of the piezoelectric patches modelled using three layers (piezoelectric material upper patch/aluminium/piezoelectric material lower patch). F or the rest of the panel a single layer of aluminium was used. F igure 8 shows the multi-layer con®guration used to model a piezoelectric patch. The convergence of the F E model shown in F ig. 7 was checked by comparing the results with those produced by a more re®ned F E model, which is shown in F ig. 9. The decrease in the natural frequencies produced by increasing the number of elements was negligible, thus con®rming that the original model was accurate enough for this purpose. The driving force was produced by the contraction/expansion of the piezoelectric patch when the input voltage was applied. In the F E model this effect was produced by applying moments along the edges of the piezoelectric patch. This was done in order to keep the F E model as simple as possible without adding further degrees of freedom such as voltages or temperatures to produce shrinking/expansion of the patches. The moment applied to the edge of the patch is given by 
Mˆt
Complete rig
The F E model of the whole assembly which was comprised of the panel and supporting structure, is shown in F ig. 10. The L-section beams which support the shims and the metal strips clamping the shims have been modelled using solid elements (with six degrees of freedom per node). The supporting plate and the U -channels welded underneath were modelled using shell elements. The L-sections were coupled to the frame by merging the nodes in the areas where the connecting bolts between these elements were located. The modes of vibration and the associated natural frequencies were calculated with the whole assembly freely supported, and the non-zero results of this analysis are reported in the fourth and ®fth column of Table 2 . The addition of a lumped mass (2g) to the model, representing an accelerometer positio ned on the panel at xˆ50:8 mm and yˆ152:4 mm, produces a small decrease in the natural frequencies of vibration (fourth column of Table 2 ).
TESTS AND DISCUSSION OF RESULTS
Piezoelectric actuated panel
Before testing, the size and material properties of the aluminium panel were experimentally veri®ed in order to con®rm the input data to be used in the mathematical models. The density was veri®ed using a precision scale, after which the Young's modulus was veri®ed by comparing the measured resonant response frequency of the freely supported panel with the calculated natural frequencies of vibration obtained using a F E model. The value of the Young's modulus was also independently validated using a three point static bending test. F or the piezoelectric patches, size and density were veri®ed experimentally.
A series of tests was carried out using the experimental rig, exciting the piezoelectric patches with a sinusoidal signal of 2 V (peak to peak) over the frequency range 50±500 H z. The lowest limit of the frequency range was imposed to omit the rigid body motion of the system. The upper limit was ®xed to avoid exciting the¯exible modes of the supporting frame. The lowest natural frequency of the frame was at 550 H z and the shims have a natural frequency of 630 H z. Preliminary calculations indicated that there should be ®ve panel resonances in the selected frequency range, which are adequate for the purpose of the present work. The response of the panel was retrieved using a B&K accelerometer (2 g) positio ned at xˆ50:8 mm and yˆ152:4 mm.
The transfer function between applied voltage and output acceleration is plotted in F ig. 11, and the experimental resonant frequencies are reported in the third column of Table 2 . The scatter of experimental results in F ig. 11, at low frequency, was essentially due to electrical noise and it does not affect the issues discussed in this paper. F urthermore, at low frequency, the rigid body modes of the experimental frame suspended by the springs would also affect the results, thus invalidating the comparison with the ideal models (M I and LRR ), which did not include the frame and its suspensions.
F rom the frequency response functions in F ig. 11 it is clear that all theoretical models agree very well with the experimental results. H owever, a closer inspection shows that the M I model, in the version implemented in this work, does not reproduce the response of the panel as accurately as the other methods. In particular, from Table 2 the resonant frequencies calculated using the M I model are consistently higher than those obtained using the other methods. All three models (namely F E, M I, LR R ) whose results are reported in the last three columns of Table 2 do not include the mass of the accelerometer in order to allow a proper comparison between the three models. The comparison between these models and the experimental results is somewhat biased by the presence of the accelerometer in the experimental model. H owever, the comparison of results between the two F E models (with and without accelerometer) shows that the effect of the accelerometer is very small indeed and does not fully account for the higher frequencies predicted by the M I model with respect to the other methods and the experimental results.
The M I model effectively assumes that the piezoelectric patches are connected to the panel only along the patch edges, and compatibility between the panel and the patch is therefore not imposed in the patch interior. This has the effect of omittin g the out-of-plane inertia of the patch, and this explains why the natural frequencies predicted by the M I model are higher than both the other theoretical predictions and experimental results. In fact, the M I model predicts that adding the patch to a panel should raise the natural frequencies due to the increase in stiffn ess, whereas the F E method and the LR R model predict that the natural frequencies will be lower because of the predominant effect of the mass of the patch; the latter prediction is in agreement with the experimental results. The natural frequencies of vibration of the panel with and without the patches are reported in the second and third columns of Table 2 . As the thickness (and hence the mass and stiffn ess) of the patch is reduced the M I model and LR R model agree more closely, as shown in (F ig. 12). The LR R model agrees very well with the experimental results, and this is particularly relevant since the model only considers the ®rst six by six mode shapes (36 degrees of freedom) and still yields results of accuracy comparable with the F E model, which used approximately 3500 degrees of freedom. In addition the F E model results agree very well with the experimental data, and this con®rms that the method used to simulate the effect of the patches with line moments along the edges is accurate.
Piezoelectric patches working as sensor
In many applications the piezoelectric patches are used as sensors, and therefore a new set of tests was performed in order to verify the capability of the mathematical models to simulate this situation. The panel was forced using an Endevco impact hammer with an Isotron force transducer. The panel was tapped at the location xˆ254 mm and yˆ152:4 mm, and the accelerometer was retained at the posit ion x5 0:8 mm and yˆ152:4 mm. The voltage produced at the electrodes of the piezoelectric patch was acquired using a Signal Processing Ltd four-channel data acquisitio n suite [16] connected to a personal computer which operated using M ATLAB software [17] . A lumped mass of 2g was included in the LR R model to represent the mass of the accelerometer. The force and piezoelectric patch data were post-processed using the M ATLAB Spectrum function, and a rectangular window was used since the acceleration signal decayed signi®cantly within the three second data window.
The transfer function produced using the LR R model and the F E model are compared with the experimental results in F ig. 13. In the F E model the voltage produced at the electrodes of the patch was calculated from the difference of the slope (rotations of the nodes) at the opposite edges of the patch. The rotation of the nodes along each edge of the patch were averaged, and then the average along each line of nodes was subtracted from the average of the opposite line. This method, discussed in [18] for piezoelectric patches bonded on beams is extrapolated here and used successfully for patches bonded on panels.
The voltage at the electrodes of the patch in the F E model can also be obtained from the average strain in the patch multiplied by the piezoelectric constant. This method was also tested and yielded identical results.
Overall the F E prediction agrees very well with the experimental results apart from a slight discrepancy at low frequencies. A possible cause for this mismatch is the fact that rigid body modes of the frame could affect the F E results. The LR R model agrees with the experimental results across the whole frequency range investigated. 
CONCLUSIONS
In this work, three techniques for the mathematical modelling of a piezoelectric actuated thin panel, namely the F E model, the LR R model and the M I model, have been brie¯y presented. An experimental implementation of a piezoelectric actuated simply supported panel, whose dynamics can be simulated using the mathematical models, is described in detail. The experimental results, i.e. transfer functions between the voltage applied to the piezoelectric patch and the acceleration at a speci®c location on the panel, are compared with the response predicted by the three mathematical models. The F E and LR R models are able to reproduce the dynamic behaviour of the panel with great accuracy, whereas the M I model even though able to capture the overall pattern of the response, was less accurate. The main reason for this is that the M I model neglects the out-of-plane inertia of the patch. The capability of the LR R and F E models to simulate the dynamics of the system with the piezoelectric patch working as a sensor was also investigated. The transfer functions between a point force applied perpendicularly to the panel and the voltage produced at the electrodes of the patch were compared. The LR R model was able to reproduce accurately the experimental transfer function in the whole frequency range examined.
The veri®cation of the models presented in this paper considered a simply supported panel, and therefore the validation is limited to this type of support. H owever, different boundary conditions may be implemented by using appropriated shape functions in the theoretical models (M I and LR R ). Provided that these shape functions are adequate representations of the displacement ®eld, the conclusions drawn in this paper should still be applicable to other types of supports.
